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% Scaling up the thoughts at test time can significantly improve the We train a small transformer (25M parameter, 2048 context length) to use Theorem (Main, Informal). For any Turing machine, there exists a fixed finite-
reasoning capability of LLLMs (e.g. GPT-01/03, DeepSeek R1) ! PENCIL to solve computationally intensive reasoning tasks (SAT, QBE, size transformer such that for any input, on which Turing machine uses 7 steps
[ ] [ J ’ ° °
NG'!' You cann show BUT, very long CoT causes problems such as excessive memory, slow Einstein’s Puzzle). and S space to compute, PENCIL with this transformer computes the same
Lk wikth a PQW&EL TR inference, attention dilution, etc. Is standard CoT fundamentally limited? . . output with O(7") generated tokens and using O(S) maximal context length.
(and. an || Training : Lo = — ), log p(next token | previous sequence) (This is impossible for CoT !)
a a QT‘QSQ") . . What i 9 X
atis PENCIL ?
: . . ZPENCIL = ~ Z log p(next token | reduced sequence) Corollary (Informal). With poly(n) context length, PENCIL can solve all
Model Generation (Write): problems in PSPACE, while standard CoT can only solve problems in P.
Ci, > C; G, [CALL] T [SEP] A [RETURN] Performance: PENCIL outperforms CoT on NP-hard tasks SAT and QBF by a . . . .
éf Reduction Rule (Erase) large margin (1.e. almost perfect v.s. random guessing). Step 1 : Turing Machine computation < Next-token generation (CoT)
| eduction Rule (Erase):
' _ _ Start I Df |40  Fach generated token represents a TM
Yang et al., 2028 C [CALL] T [SEP] A [RETURN] = C A n=|3|4|5]6]7]8]9 |10 n=|3|4]5]6]7]8]9 |10 S I & ep
/ Baseline | Acc.| 66 | 57 | 46 | 51 | 46 | 51 | 49 | 51 Baseline|Acc.| 90 |82 | 85 | 68 | 60 | 69 | 71 | 66 - transition step, encoding (state,
. b) = 1 . .
(1 o [CALL], [SEP], [RETURN] are special tokens cor | Acc.[100100 (100 | 99 | 84 |63 | 54 [ 50 o [Acc.|100[100] 97 [ 94 [ 74 [ 72 | 69 | 73 d 5(""" ArRSatOul oY I A symbol, movement direction).
- - - ~Ibf[1]o]1]b]b]b] -
\w e C = Context, T=Thoughts, A=Answer (They can include special tokens!) TR. {99.6(99.098.0|96.2|74.0(69.9 63.8 |51.4 TR. |100|100|98.3|93.9 |65.1|49.4 [40.7 |32.8 =3 I3y « Total Steps = O(Time)
. pEneyp | Acc-[100 (100 1100 | 99 | 99 [100] 100|100 . - |Acc.|100|100 100 | 100 | 100 | 100 | 100 | 100 step2 9(a1,0) 7 (@21, of fol o] [#
* Reduction is triggered when the sequence matches the pattern TR. | 100 [99.0(97.195.991.8|93.3(92.9(83.0 TR. [100{100| 100 | 100 | 100 | 100 | 100 | 100 ~EOLL AR - < 1 B 1 & e Max Context Length = O(Time)
e PENCIL iteratively generate thoughts and triggers reduction
Important : Special tokens can accumulate similar with nested function calls in Time Efficiency: PENCIL significantly saves computations by reducing the Step 2 : Simulating TM space-efficiently with PENCIL
functional programming! context length and converges faster during training. ~ PENCIL /*
i 4 )
9 — CoT —— PENCIL — CoT —— PENCIL — CoT —— PENCIL — CoT —— PENCIL . : .
How PENCIL Works (Example on QBF) - 10T -1 S — oo V| state®1 | | State®s; | |Stepti+1| - [Stept,| [SEP] [State(*) 1|- |State*" s, ,| [RETURN]
------------------------------------------------------ Sl e S S Sl /T : . :
Prompt |32vi:#1(2v-2v1)#2(1v2)#3(2)#4(~2v-1)#5(1v-1)#6 (1 Vﬂ2)i 9 ig: 100.0 2 zg‘ 00.0 2 22 ’100.0 3 23:100.0 ‘—— Previous State —— - Simulate - L Summarize -
------------------------------------------------------ 5 O 100, = 100.0 g 60 | Ny 100.0 5 0¥ 100.0 |
. 1 ;5 40| ;3 401 Eé 401 g 40 <t |state™) 1] - [Statel*) s,
Latent Thinking Process s - s | 20 | | D — | H: Total Steps : O(Time) Max Length : O(Space)
:-----------,,_;---------------------------------f‘,'-------j----------: g - : ; g : W g : - gmo- m— : New State ps 1mne sth ¢ P
| -/ : Model Generation & : Reduction Rule : g 2 g 2 o . . _ . .
: (.[EndOfPrompt] [CALL] Question: prefix_from 3 2 Try 2 = False [CALL] Question: ... [EndOfPrompt] [CALL] Question:prefix_froma\ ! § ‘ § 100.0 Qg Qai 401 ° SlmUIatlon: generate tOkenS tO SlmUIate the Step'bY'Step runnlng Of Turlng
I prefix_from v 1 Try 1 = False [CALL] Question: evaluate 1 = False 2 = False Check #0 ( 2 Try 2 = False [CALL] Question: prefix_from v 1 ! s - s ; s § 20 h . f h . . TM) f‘ t
I Gv-2v1)True Check #1 (1 v 2) False [SEP] Answer: False [RETURN] Try 1 = False Answer: False ) : = ol . =~ = 0 InaC lne, Stal‘tlng I'OIIl t 6 pI‘GVIOUS State (1.6. S COIl lgura lOIl).
i w2 w2 ) 7 ° ° . . . .
: (..[fndfOfPro;n;_:rt]ECAII;Ll] Q:estion:grelafix_from 3 : Try2=:a:lse [CALL] Question: ]('_‘_)( 2[ETnd(;fP;olmpt;\] [CALLF] IQuestion: prefix_from\ : é 1 é 1 E 1 § 11 [ Summarlzatlon: Summarlze all preVIOusly tokens 1nt0 the new State us1ng the
: \pre ix_romv ry 1 = raise Answer: raise [SEP] Answer: False [RETURN] 3 ry £ = railse Answer: raise / : %D L ?:D k %D L %0 L .
: /...[EndOfPrompt] [CALL] Question: prefix_from 3 2 Try 2 = False Answer: False Try 2 = \(_ C.[EndOfPrompt] [CALL] Question: prefix_from 3 : g N L g 0 L g N L g 0 L PENCIL redUCtlon mle'
I | True [CALL] Question: prefix_from v 1 Try 1 = False [CALL] Question: evaluate 1 = 2 Try 2 = False Answer: False Try 2 =True [CALL] | = 00 05 1.0 15 20 25 = 00 02 04 06 08 1.0 E 00 06 12 18 24 30 = 0.00 0.25 0.50 0.75 1.00 1.25 1.50 ° TI'lggGI’ the summarization whenever the length of current SCquence exceeds
' False 2 = True Check #0 (2 v =2 v 1) True Check #1 (1 v 2) True Check #2 (2) True > Questlon:preflx_from32Try2=FaIse An_swer: I Training FLOPs « 1el0 Training FLOPs « lell Training FLOPs « lell Training FLOPs o« lel2 . . .
| S TR |— 1Ty 12 False Answer: Tug ) (@) QBF =3 b) QB =4 () QBFn — 5 (&) QBFn 6 twice the actual space needed to store the information.
I \= rue nswer: irue / / : a n — n — C n — n — . .
: (..[EndOfPrompt] [CALL] Question: prefix_from 3 2 Try 2 = False Answer: False Try 2 = ) (.[EndOfPrompt] [CALL] Question:prefix_froma\ : ° TOtal Steps T @(Tlme)ﬂ MaX ConteXt Length T @(Space)
| True [CALL] Question: prefix_from v 1 Try 1 = False Answer: True Try 1 = True [CALL] 2 Try 2 = False Answer: False Try 2 = True [CALL] o om o 5
' | Question: evaluate 1= True 2 = True Check #0 (2 =2 1) True Check #1 (1 2) | Question: prefix_from v 1 Try 1 = False Answer: | | Applicability : PENCIL works as well on a natural-language reasoning task
\True Check #2 (2) True Check #3 (=2 v = 1) False [SEP] Answer: False [RETURN] ) \Jrue Try 1 = True Answer: False J . . . . . .
s —— < | - —— ! called Einstein’s puzzle — a logic puzzle that even GPT-4 struggles with. Step 3 : Can Transformers express the algorithm ?
I ...[EndOfPrompt] [CALL] Question: prefix_from 3 2 Try 2 = False Answer: False Try 2 = ...[EndOfPrompt] [CALL] Question: prefix_from I
I True [CALL] Question: prefix_from v 1 Try 1 = False Answer: True Try 1 = True Answer: —> 22 Try 2F= ralse Answer: False Try 2 = True : Eins tEin'S Puzzle .
o / - < Lnstem's tweefe oo | ~ PENCIL /* \ Full-Access Sequence Processing (FASP) E T e This is the Proof!
; "'[EndOfPr.o mpt] [CALL] Question: prefix from 3 2Try 2 = False Answer: False Try 2 = H EndOfPrompt] Answer: False : I = Constraint 1 : The areen house is immediately to the I » . . . # Phase masks to distinguish between simulation and summarization phases
E \T rue Answer: False [SEP] Answer: False [RETURN] [EndOf pt] A Fal Y : : right of the one who kee_psbn—ds y : SOllltiOll . A pI’OgI'am IIl FASPIS d pI’OCGSS Of bU.lldlIlg d :ﬁ:iﬁ::ﬁ:i - rel;;:fi:;-zzg (aot 5550
(L [Endofprompt] Answer: False [EndofText] € ! , - Constraint 2 : The Brit is immediately to the right of the German ! House # 1 > 3 sequence of increasingly complex functions LA e I S, e i SISO (e (51 3 genersied
e e e o e e e e e e e e e e e e e e e e e e e e e e e m e m e e m e e m e mmmmmm—— - . : _ | . J current sl gos = et siapos - (gv.ove nd sin_shase_naet)
. . - Constraint 3 : The one who keeps dogs is the same house as ' Green * min_pos = seqmin(current_sin_pos) |
P~ e e e = * ——————— PENCIL can dO (tall) {/‘e.curSIOn’ E the rg_d hzl:se N p —g_ | : _> z::znality S\F;Z(dje GS::]ean tht (l.e. TranSformerS) Z R ¢ :x:;zi;::_::s: max_pos - min_pos + ReLU(max_pos- next_sim_pos -1) + 1
I i ° # Get current symbol at head position
Response . Answer: False backtrack, decomposition, etc. ' . Constraint 4 : The one who keeps birds is immediately to the 1 . . e Each Variable = a Transformer. cUTTens SyIol ~ TIBIICEL erect Tatch(not sie-pos, currentsinpos, .yl onehen 1)
ponse ., FYISTE. TAdE l : right of the Swede u Pet Dogs Birds Fish similation.step = transition(get_state, current.symbol)
N Y i ° . . . . . .
o . o : | | ; | . . e Each Line of Code = an operator from some |arsmms: s i ey g s
PENCIL significantly reduces the maximal context length during inference ' Question: who owns the fish? : | Answer: the Brit owns the fish ) et Il; e o e N
(e.g. CoT: 151,192 = PENCIL: 3, 335 for Einstein’s Puzzle) Trarlis former P xgz;ﬁmz:31?35m-Ph*eﬁsi?m‘ph“mk)
Puzzle Size CoT PENCIL CoT PENCIL . nersmove - compute_move (curront oum 1o, mext_sinpos, max_pos, min_pos)
125000 " Reduction T 1500001 o Reducton B 1500000 o Reduston g 2 i T T Ittt o
8 10000, WS w/ Reducti E 120000 W w/ Reducti § 120000 N w/ Reducti 5 X 5 Accuracy (O/O) 25 97 » 10.63M- 48 61 mnm 85 ® FASP predeﬁnes a Set Of local and non_local summarg:step - get_state ® summary_symbol @ onehot (next.move) T
'J W paucon W vaRevon W bitatht (0] 83 # Check if we've reached the final position in summarization
g 7500 s g 90000 bos g 90000 b2 TraceRate (%) || 2.97 | 7827 z 70 operators, and supports custom operators. T ot T N
é 5000 E 60000 E 60000 Accuracy ((yo) 34 ]_OO e 315M 45 54 92 95 55 # MAIN - Select appropriate action based on current phase
§ 2500 ‘4! 5 30000 .5 30000 4 X 4 Trace Rate (O/ ) 8 33 86 52 a? L result = if_then_else(exist_sep, summary, simulation)
sl ,, j 0 - - | 4 Theorem (Informal). FASP ="H . —
= ot R b61 7 8 9 10 = 053 b61 7S 8 9 10 = 0 P ;'1 . S Accuracy (%) 99 99 ¥ 0.40M ES9H RS8N [ 43 =N | iz(s) ( ) . Fig. A program written in FASP
Problem Size Problem Size roblem Size 0 ' | ' ' | |
3x3 Trace Rate (%) 99.37 99,66 512 1024 2048 512 1024 2048

(a) SAT (b) QBF (c) Einstein’s puzzle Context Length Context Length 27 : 3 a Transformer expresses Step 2 < 3 a FASP program implements Step 2




